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Introduction

A basic unsolved problem of ergodic theory is to classify the ergodic measure pre-
serving automorphisms of the measure algebra of the unit interval, up to conjugacy. In
this paper, it is shown that the theory of a single automorphism of this type is fully equi-
valent to the theory of a certain Banach algebra of operators on the Hilbert space LZ[0, 1],
in that the conjugacy problem for automorphisms is the same as the problem of unitary
equivalence in this elass of operator algebras (Theorem 1.8).

One question that arises is to what extent this method can be applied to more general
groups of automorphisms, and this is taken up in section 2. Roughly, it is shown that
the method is always workable if the underlying group is amenable (qua a discrete group);
and for any non-amenable group of automorphisms the method always breaks down (Theo-
rem 2.6).

These results were previously announced in [1].

1. The operator algebras 4 and B

Consider the probability space consisting of the unit interval [0, 1], Borel sets, and
Lebesgue measure. Let 3 be the Hilbert space L2[0, 1], and let M be the von Neumann
algebra of all multiplications by bounded measurable functions, acting on }. Lebesgue
measure lifts to a countably additive probability measure m on the projections of M.
A *-automorphism « of M is said to preserve m if moax=m on the projections of M. ais
ergodic if the only projections P €M for which «(P)=P are 0 and I. If § is another ergodic

m-preserving *-automorphism, then « and f§ are conjugate if there exists a *-automorphism

() This research was supported by the U.S. Army Research Office (Durham).



96 WILLIAM B. ARVESON

7 of M such that rox=fo7 (a standard argument, using ergodicity of «, shows that 7
necessarily preserves m).

There exists a unitary operator U, on ¥ such that «(4)=U,A4U;, A€ M. For example,
let f, be the constant function 1, and define U, on the dense submanifold Mf, of H by
U,: Afy~a(A)f, U, is easily seen to be an isometry of Mf, onto itself, and its unitary
extension implements o« in the right way. If V is any other unitary operator such that
o(A)=VAV*, then there exists a unitary W €M such that V=U,W. Indeed, UsV is a
unitary operator which commutes with M, and since M is maximal abelian, it follows
that W=U;VeEM.

In the remainder of this section, « will be a fixed m-preserving ergodic *-automor-
phism of M, with U, a unitary operator such that «=U,- U on M. Since MU,=U, M,
the set A4,(«) of finite sums A, +4,U,+...+4,U%, n=0, 4,€M, forms on algebra, and
the set By(x) of sums A,U7 +...+4,U% m<0<n, 4,€M, forms a *-algebra. By the
above remarks, neither 4,(a) nor B,(«) depends on the particular choice of U,. Let A(x)
and B(«) be the respective closures in the operator norm. Clearly M < A(x)< B(x), and of
course B(a) is a C*-algebra.

While the powers «* (240) of « are not in general ergodic, they are freely-acting in
the sense that for every % 40 and every projection P +0 in M, there exists a subprojection
QEM, 0+=Q<P, such that «™(@Q)LQ (see [6], p. 125). By choosing successively smaller
projections, it follows that for every finite set F of integers such that 0¢F and every
projection P =0 in M, there is a nonzero subprojection ¢ of P such that «™(Q) L@ for
all n€F.

The following result appears in [10] p. 232, where, incidentally, the algebra Ay(«) is
shown to be an irreducible triangular subalgebra of the algebra B(H) of all bounded linear
operators on . For completeness, we include a short proof.

Levmma L1, A, U7 +...+A4,Uz =0 implies A,=...=4,=0.

Proof. Suppose, to the contrary, that 4,Uy +...+4,U;=0 and 4,+0. Then n>
m+1 necessarily, and A4, +4, ,U,+...+4,U; ™ =0. Choose a projection P=+0 in M
such that A4,Q=-0 for every Q€M satisfying 0=Q <P (e.g., if A4, is multiplication by
fEL®[0, 1], P can be multiplication by the characteristic function of the set {|f| >¢},
where ¢ is a positive number small enough that the set has positive measure). By free
action, there exists Q € M, 0+=Q <P, such that «*(Q) L@ for all k=1, 2, ..., n —m. For every
BEM, 1<k<n—m, one has QBU*Q =QBo*(Q) U% =Qu*(Q) BU% =0. Hence,

4,0=04,0=0An+ A4 Us+..+4, U@ =0,
and that contradicts the original choice of P.
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Hence, one can define a linear map @ of B,(x) onto M by

(D(Z AkUa’zc) =4,.
k

In the next few results, through Theorem 1.5, we develop some properties of this mapping.
The simplest are these:

(i) Po® =0, O)=1I

(i) D(AT) = AD(T), O(TA)=D(T)4, A€M, TEB()

(iii) O(T*) = O(T)*, TEBy() 1.2)
(iv) ® MUY =0, n=+0

(v) 0<SD(T)*O(T)<SO(T*T), TEBy(x).

Indeed, (i) through (iv) are obvious consequences of the definition, and (v) follows from
them by expanding the inequality 0 <®([T —O(T)]*[T —O(T)].

If By(«) were closed (norm), then (v) would imply that @ is positivity-preserving,
and a fortiori bounded. However, since the usual argument involves taking the positive
square root of a positive operator, an operation requiring norm closure, we cannot con-
clude from (v) that @ is bounded. One needs the following lemma, another consequence

of free action.

Leuma 1.3. For every projection P =0 tn M, there exists a state o of B(x) such that
o(P)=1 and o(MUZ)=0, for all n=+0.

Proof. Fix P. For every N 1, let K be the set of all states g of B(e) such that o(P)=1
and o(MU;)=0, 1<|n|<N. Bach K, is a weak*-closed, and therefore compact, subset
of the state space of B(ex), and Ky> Ky, for all N. By free action, there exists, for each
N, a nonzero projection @y€M such that 0+Q,<P and o*(Qy) L@y, 1<|k| <N. Choose
any unit vector f in the range of @y, and put gy(7") =(TY, f), T €B(«). Clearly py(P)=1
and one has py(T) =on(@nTQy), for all T. Tf A€M and 1< |k| <N, then

on(AUZ) = on(Qv AUz Qy) = on(Que(Qn) AUZ) = 0.

Thus gy€ Ky, and this shows that the K,’s have the finite intersection property. Hence
NKy=+9, and any state in the intersection has all the required properties..

ProrositioN 14. | D(D)| <||T|, for all T €By(x).

Proof. Let T €By(a), and suppose ||®(T)||>||T). Since ®(T)€M, there exists a uni-
7 — 662905 Acta mathematica. 118. Imprimé le 12 avril 1967,
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tary operator W €M such that ®(T) W >0. Now ||&(T)W| =||D(D)| = || T|| +e, for suffi-
ciently small £>0. So by spectral theory, there exists a projection P==0 in M such that
O(T)WP>(||T|| +¢/2)P. Now choose g as in Lemma 1.3: o(P)=1 and o(MU})=0, n 0.
By definition of ®, it follows that o(8) =go®(8) for every S€B,(«). Hence,

o(TWP) =0o®(TWP) = o(O(T) WP)= (|| T|| +¢/2)e(P) = || T|| +¢/2.

But this is impossible, since |o(TWP)| <||TWP| <||T||, and this contradiction completes
the proof.

One may now extend @ to a bounded linear map of B(x) onto M, by continuity.
Properties (1.2) are valid for the extension, which we denote by the same letter ®@.

A positive linear map @, of one C*.algebra into another is faithful if ®,(T*T)=0
implies T'=0, for every T in the domain of ®,. We claim that @ is faithful. For the proof,
it suffices to produce another C*-algebra C, a positive faithful linear map w of C into M,
and a *-representation m of C such that n(C)=8(«) and ®om=w. This gives the result,
for if T'€B(e) and ®(T*T) =0, then choose any C €C such that 7'=n(C). One has o(C*C)=
Donr(C*C) = O(n(CY*n(C)) =O(T*T) =0. Since w is faithful, ¢ =0, and finally T =7(C)=0.

C is constructed as follows. Let I' be the unit circle and let C, be the collection of
all functions F defined on I', taking values in the set B({) of bounded operators on #,

and which are norm continuous:
lim || F(e®) — F(e®)|| =0, for all 6,€[0, 2x].
00,
Endowed with the pointwise algebraic operations, pointwise involution, and the norm

| F| =sup || F(®)||, C, becomes a C*-algebra. The point evaluation z(F)=F(1) is clearly
a *-representation of C; on B(H). Now define

2n
w(F) = —21—n fo F(%do, FeC,,

i.e., w(F) is the operator in B(}) satisfying
1 27
(w(F)f.9)=5 f (F(¢°)f,9)d0, for all f,g€N.
0

Evidently, o is a positive linear map of C, into B(H). If w(F*F)=0, then for every fEH,

27 2n

f ||F(e“’)f||2d6=f (F*E*) F(E) ], ))=2n(w(F* F)f,{)=0.
) 0

Since € || F(e)f| is a nonnegative continuous function on T, we have F(e®)f=0 for
all §. Hence, F =0, and thus w is faithful.



OPERATOR ALGEBRAS AND MEASURE PRESERVING AUTOMORPHISMS 99

Now let C be the norm closure of the set of all functions of the form
F(e)=A4,U7m™+ ...+ 4,Uze™,
m<0<n, A,€M. C is clearly a C*-subalgebra containing the identity. If F is of this
form, then w(F)=A4,, n(F)=4,U7+...+A4,U%, and Pon(F)=A,=w(F). By norm con-
tinuity, ®osz=w on C. These formulas also show that #(C)< B(«) and w(C)< M. Since x
is a *-representation, 7(C) is a closed *-subalgebra of B(«) which contains every finite sum

A UZ+...+4,U%, A€ M. Hence, n(C)=8B(x), and the restrictions of z and w to C have
all the right properties. This proves the following:

TEEOREM 1.5. The extended map ® is faithful on B(x).

We turn now to the Banach algebra 4(«). Clearly M < A(ax) N A(x)*. It is a key fact
that this inclusion is actually equality: i.e., 4(x) determines M.

Lemma 1.6. (i) @ is multiplicative on 4(c).

(i) A@) N A)* =M.

Proof. For (i), let 4, BEM and let m and n be nonnegative integers. Then AUZ BU; =
Aa™(B)UZ*", so that ®(AULBU;)=0 or AB according as m 42 >0 or m =n=0. In either
case, we have ®(AU;BU)=®(AU;)®(BUZ). By summing on m and n, it follows that
@ is multiplicative on 4y(«), and (i) follows by continuity.

For (ii), it suffices to show that A4(x) N A(x)*< M, and since A(x) N A(ax)* is spanned
by its self-adjoint elements, we need only show that every self-adjoint element of 4(x)
is in M. Take T=T*€ A(«), and let T,=T—®(T). Then T, is self-adjoint, belongs to

A(x), and by (i),
O(T7) = O(T)% = (D(T) — Do D(T))? =0.

By Theorem 1.5, 7', =0, and so T'=®(T)€M.

The second key fact about 4(x) is that it determines «. This is a consequence of
the following Lemma.

LevMma 1.7, Let V, and V, be two unitary operators in 4(x) such that

(i) AV, AV} is a freely-acting automorphism of M, for i=1, 2, and

(ii) V, belongs to the closed algebra generated by M and V.

Then V4 Vi€ A(x).

Proof. First, we claim ®(V,)=®(V,)=0. Let P, be the collection of all projections
P€M such that P LV, PV7. For PED,, we have
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(V)P =PO(V,)P = PO(V,P) = PO(V,PV; V,) = PV, PVI®(V,) =0.

Thus, ®(V,)=0 on P}. But by free action, the least upper bound of all projections in
P. is I. Hence, ®(V,)=0. The same argument shows that ®(V,)=0.

Since V,M=MV,, the set of finite sums Ag+4,V,+...+4y VY (4,€M, N>0) is
dense in the closed algebra generated by M and V,; so by (ii), there exists a sequence 7T,
of operators of this form such that ||V,—T,||~0. Since ®(V,)=0, ®(T,)—0. Hence, if
T,=T,—®(T,), then T, >V, But ®(V{)=®(V,)*=0 for all £>1 (this, by 1.6 (i)), so
that if T, has the form 4,+4,V,+...+A4,V{, then T, looks like

AV 4 A Vit o+ A, VY = (A, + A, Vi 4.+ Ay VYY)V,

In particular, T, € A4(x)V,. Since A(x)V, is a closed subspace of B(}) in the operator
norm (V, is invertible), we conclude that V,€ 4(a)V,, proving the lemma,

CoROLLARRY. If V i3 a unitary operator in A(c) suchthat A—VAV*isa freely-acting
automorphism of M and such that M and V generate A(x) as a Banach algebra, then there
exists a unitary WEM such that V=U_W.

In particular, a(A)=VAV*, A€M.

Proof. Applying Lemma 1.7 twice (once to the pair (¥, U,) and once again to (U,, V)),
we have VUZ€ A(x) and (VUD*=U,V*€ A(x). So if W,=VU3, then W,€ A4(x) N A(x)*,
and V=W, U,=U,-«~Y(W,), as required.

THEOREM 1.8. Let o« and 8 be ergodic m-preserving *-automorphisms of M. Then o
and B are conjugate if, and only if, there exists a unitary operator T such that T A(e) T* = A(f).

Proof. For necessity, say 7 is an m-preserving *-automorphism of M such that toa=
Bot. There are a number of familiar methods that will produce the 7' that does the job.
To sketch one, let f, be the constant function 1, and let ¢ be the vector state p(A4)=
(Afo, fo), A€M. Then o(P)=m(P) if P is a projection in M; hence pot(P)=p(P). Since
finite linear combinations of projections are norm dense in M, we have poz(4)=p(4),
A€M. Thus, the map Afy—>1(A4)f, (4 € M) extends to an isometry T of [Mf,] on [t(M)f,]=
{Mf,]. Since f, is cyclic for M, T is unitary. Routine computation now shows that
TA=v(A)T, A€M, so that TMT*=M. Moreover, rox(d)=To(4)T*=TU, AU} T*, and
Bot(A)=U,TAT*U;, A€M. Since toax=fot, we have T*U;TU,EM' =M, so there
exists a unitary W €M such that TU,=U;TW. Thus,

TU,T* = U, TWT* = Ust(W)EAPB), and T*U,T = U, W*€ Aa).
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Since M and U, (resp. Up) generate 4(x) (resp. A(B)), it follows that 7 .4(x) T*< A(B)
and T* A() T< A(x). Hence, T A4(a) T* = A4(p), as asserted.

Now suppose, conversely, that T is a unitary operator such that 7' 4(x) T*= A4(f).
Hence, A(f)* =T A(x)*T*, so that by Lemma, 1.6, M= AB) N AP)* =T (A(x) N Alx)*)T* =
TMT*. Thus, ©v(4)=TAT* is a *-automorphism of M. Let V be the unitary operator
TU,T*€A(B). The closed algebra generated by M and V is T A(x) T* = A(B). Also, for
AEM, VAV*<=TU,T*ATU; T* =100t 1(4); since free-action is a conjugacy invariant,
V satisfies all the hypotheses of the preceding corollary. Hence, f(4)=VAV*=roaot1(4),
completing the proof.

Remarks. Care must be exercised in closing the original algebra 4,(x). Indeed, 4y(x)
contains the maximal abelian von Neumann algebra M, and it is easy to see that 4y(x)
has no closed invariant subspaces except {0} and } ([10], p. 232). By the results of ([3]),
any irreducible subalgebra of B(}) which contains M is strongly dense in B(3). In partic-
ular, the strong closure of 4,(«) contains no information about «.

Nevertheless, 4(o) carries considerable structure. First, it is a norm-closed irreducible
triangular subalgebra of B(F) (not necessarily maximal, see [10]). Second, 4(x) can be
realized as an algebra of operator-valued analytic functions in the unit disc. To sketch
this very briefly, consider the C*-algebra C constructed in the proof of Theorem 1.5. By
making use of the classical Fejer kernel, one can show that C consists precisely of all
norm-continuous functions F: I'->B(H) such that (2" F(c®)e "®d9€e MU for every n.
Moreover, the *-representation 7z is actually a *-isomorphism. Thus, B(a) is identified
(non-spatially) with C. A(«x) becomes the set of all FEC for which (27 F(e'®)e'"?df =0,
for =1, and there is a natural way of extending every such F analytically to the interior
of the disc. Thirdly, one can associate with 4(«) a maximal subdiagaonal subalgebra
(in the sense of [2]) of a I, factor. For this, regard 4(x) as a subalgebra of the function -
algebra C. Let X be the Hilbert space of all }-valued weakly measurable functions f
such that {3 ||f(¢%)]|2d0 < oo. The map o that associates with F€C the operator

(o(F))(€°) = F(e*) f(e)

is a faithful *.representation of C such that the weak closure of ¢(C) is a hyperfinite 11,
factor acting on X (hyperfiniteness follows from [7], p. 576). Moreover, the ultraweak
closure of o(4(x)) is a maximal subdiagonal subalgebra of ¢(C)~ for which Jensen’s ine-
quality is valid (see [2]). This subdiagonal algebra also characterizes & up to conjugacy.

Finally, in a different direction, it follows from 1.8 that there is a very large number

of unitarily inequivalent norm-closed irreducible triangular subalgebras of B(H).
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2. Generalizations

It may be of interest to know the extent to which Theorem 1.8 generalizes to more
general groups of *-automorphisms. In particular, is there an analog of 1.8 for one-para-
meter groups? We shall not go into specific questions here, except to show that there is
a natural boundary for the method. We prove that, while the results through 1.4 carry
over routinely to arbitrary groups of *-automorphisms, 1.5 is true if, and only if, the group
is amenable (qua a discrete group).

Let M be the multiplication algebra of section 1, let @ be a group, and let z—a,
be a homomorphism of & into the group of m-preserving *-automorphisms of M. We do
not assume that the action is ergodic, but we do require that the action be free in the
sense that for every x==e and every projection P=0 in M, there exists a nonzero sub-
projection @ of P (in M) such that o (Q) LQ.

Let f, be the constant function 1. Note that there exists a unitary representation
2—U, of G on ¥ such that U,AU;* =a,(4) and U, f,=/,, for every x€@. Indeed, arguing
a8 in the first paragraphs of § 1, the map

U,:Afy>ald)f A€M,

extends to a unitary operator having the properties U,f,=/f, (by definition), and U, 4=
o, (A)U,, A€M. One has, moreover,

U, U,:Afg—~o,000(A) fo = ey (A) fo,

so that U, U,=U,,. The property U,f,=/, will enter in an essential way to the proof of
Theorem 2.6.

Now if z—> A4, is an M-valued function on @ such that 4,=0 for all but finitely many
z, we can form the operator D, A, U,; since MU,=U, M for all z, the set of all operators
of this form is a *-algebra, whose norm closure we call B. Note that > 4,U,=0 implies
A,=0 for all z. Indeed, for fixed z,, let F be the finite set {zz,':x =2, and 4,0}, and
let P be the family of projections P€ M such that «,(P) LP for t€ F. Arguing as in Lemma
1.1, we have, for P€ D,

A,,P=PA, P=P3 A,U,+P=P(3 4,U,)U%P=0.

By {free action, LUBP =1, hence A,,=0. Thus, one can define ® exactly as before:

D2 4.U,)=A4,,
e being the identity of G.
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ProrosiTION 2.1. | D(T)|| <||T|| for every T=2, A, U,. Thus @ extends by continuity
to B. The extension has the following properties:

(i) Po® =@, O()=1I

(ii) OAT)=AD(T), ®(TA)=D(T)A, AEM,TeB
(ili) O(T*) =®(T)*, TEB

(iv) D(MU,) =0, z=*e

(v) OSO(Ty*®(T)<D(T*T).

Proof. The argument is a trivial alteration of that already given in § 1. First, arguing
as in 1.3, one shows that for each P €M, P +0, there exists a state p of B such that g(P)=1
and o(MU,) =0, x =e. The proof of 1.4 can then be repeated verbatim to show that ||®]| <1.
Finally, (i) through (v) are valid for the same reasons as 1.2,

From here on, we regard @ as extended to the C*-algebra B. (v) shows that O is
positive, and it makes sense therefore to ask if @ is faithful.

A (discrete) group @ is said to be amenable if there exists a finitely additive probability
measure y on the field of all subsets of @ such that u(2E) =u(E) for all z€G, E<G. When
such a y exists, it is called a mean ([9], pp. 230-245). Solvable groups are amenable, as
are locally finite groups. The free group on n >2 generators is not amenable. An important
characterization of amenability was found by Felner [8], and his proof has recently been
greatly simplified by Namioka [11]. Felner’s condition is that G is amenable if and only if
for every finite subset F< @ and >0, there is a finite subset E<@ such that

|2E n E|

—1
| B|

<e,

for all z€F (|-| denotes “number of elements in”’). We shall need a preliminary lemma
characterizing amenability in a different way.

Let Cgo(G) be the set of complex valued functions on @ having finite support, and
let I, be the left regular representation of & in I#(@) (I.&(y) =&(zy), £€I()). For every
A€Cy(G), we can form the operator T'=2, Ax)l, on I3(Q); A is of positive type if T >0.
We believe the following lemma is known; e.g., it is proved in ([5], p. 319) that condition
(iii) is equivalent to a slightly strengthened version of (ii). However, we know of no re-
ference in the literature that relates these conditions to amenability. For completeness,
then, we have included a proof.

Lremma 2.2, The following are equivalent, for any discrete group G:
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(i) G is amenable.
(i1) If A€Cy(G) is of positive type, then >, Alz)>0.

(iii) For every finite subset F of G and &>0, there exists a unit vector £EI¥(F) such
that [(l,E, 5)—1|<s for all x€F.

Proof. (i) implies (ii): Let A€Cy(@) be such that > A(z)l, >0, and let F be a finite set
such that 2=0 off F. Fix £¢>0. By the Fglner-Namioka theorem, there exists a finite

subset E+# @ of @ such that
|zE n E| _
| 2|

1 | <e
for all z€ F. Put £(t)= | E| ™% yz(t). Then ||&]|,=1, and for every z€G,

|=E n E|

L5 E=|EB|" 2 2e@ ) Xp(t) =—%— -
: |E|

Hence, |(I,&, &) —1| <e whenever € F. Now
|24(@) (L& &) — M) | < Z|A@)| - |(LE &) —1]|<eZ|A@)]

By hypothesis, > A(z)(l.£, £)>0, and since ¢ is arbitrary, this shows that the distance
between the complex number > A(z) and the nonnegative real axis can be made as small
as we please. Thus > A(z)>0.

(ii) smplies (iii): Suppose (iii) fails. Then there exist z,, ..., z,€G and £¢>0 such that
max, | (L&, §)—1| >¢, for every unit vector £€I%(G). Let Q be the set of all vector states
w¢, ||£]| =1, defined on the von Neumann algebra C generated by {I,:x€G}. Since C has
a separating vector (e.g., the characteristic function of {e}), every normal state of £ is a
vector state ([4], p. 233). It follows at once that Q is convex. Let K be the following
subset of C™:

K ={(o(lz), .. el=)): €0}

K is convex, and the first lines of the proof show that (1, 1, ..., 1) does not belong to the
closure of K. Hence, there exists a linear functional F on C* and a real number r such
that Re F(K)=r>Re F(1,1,...,1). If F(z,...,2,)=_ a,z, define the operator T on
(G by

T=3c¢l, +2 6l

Then for every £ €1%(G), ||| =1, one has
(TS: 5) = Re F((lzlé’ E)a [X2F) (ll‘n£1 5)) >r;

moreover, 1> ¢,+ > ¢. Hence, T —rI>0 and Y ¢, +. 6, —r <0, contradicting (ii).
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(iii) emplies (i): Let zy, ..., , €G, £>0. Choose a unit vector £ €1%(Q) such that
[ (2,6, &) —1| <g, 1<i<n.
For Ec@, put w(E) =“EE | &) 2.

Then y is a finitely (in fact, countably) additive probability measure. We claim
|, By —u(B)| <226},
for every Ec@ and i=1, 2, ..., n. Indeed, u(E) =2, yz(x)&(x)E(x) = (xz&, ), and for every
YEQG,
pE) =3 6w ) = (41, £.1,6)

Hence |y B) = B)| = | (56, &) — (xs&, L&)+ (xeé, L&) — (sl &, L&)

<| (e, E-LO| + | (e =4,6), L,E)]

<l 116 =L &N + llxe LA - 14

<alls-1e].

But ||£—L [P [|£]12—2 Re (£, by &) + | loe £]2=2(1 ~ Re (i &, £)) <2e, i=1, ..., n. Hence,
|u(@, By —u(E)| <2(2¢)}, as asserted.

For xy, ..., 2,€G and ¢>0, let F(z,, ..., x,; €} be the collection of all finitely additive
probability measures 4 on G such that |u(x, E) —u(E)| <¢ for every EC@ and i =1, ..., m.
We have just shown that the F’s have the finite intersection property. Since the space of
finitely additive probability measures is compact (in the topology of “pointwise” con-
vergence at every subset of (), there is an element v€ N F. » is clearly a mean. That
completes the proof.

Remarks. There are a number of other characterizations of (i)-(iii) that are more
useful in different situations. For example, one may add to the list:

(iv) Every irreducible representation of @ is weakly contained in the left regular
representation. See ([5], p. 319).

We return now to the main problem, @, U, «,, and ® are as above. We shall construct
another C*-algebra C and a faithful positive linear map w:C—M. We then define a
*-homomorphism 7, of a dense *.subalgebra of C into B, such that ®om,=w, and we shall
analyze what happens when one tries to extend m, to C.

Form the Hilbert space H®I(G). If 4, BEM, x, y€G, then

(AU,®L,)(BU,®l,) = AU, BU,®l,, = Aay(B) Uy, @l
and (AU, ®L)* = (AU, ®l-1 = a,- (4% U, @1, 1.
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Thus, the set C, of all finite sums >, 4,U,®l, forms a *-algebra with identity. Let C
be the norm closure of C,. Let £, be the characteristic function of {e}, regarded as an
element of I3(G).

LEMMA 2.3, There exists a faithful positive linear map «w:C—M such that (w(C)f, 9)=
(C(f®E&.), gRE,), for every f, g€ H. One has

o(2 4.U,0L)=4,
for every function x€G—>A,€M such that A,=0 for all but finitely many =.

Proof. For every fixed C€C, [f, g1=(C(fR¢.), g®&,) defines a bilinear form on H x ¥

such that
11, g} <||C]|- lf @& - lg@&| = 1Ol - 7]l gl

By a familiar lemma of Riesz, there exists a unique operator w(C)€B(H) such that
(@(0)f, 9)=(C(f®¢&.), gRE,). w is clearly linear, positive, norm-depressing, and w(I)=1.
If A,=0 for all but finitely many x, then

(g‘AIUI@lZ (f®§e)s g®£€) = ; (AZUZf®ZZ£B’ g®§8) = g (AIUIf9 g) (lzfe: EB)'

Since 1,£, L, for x e, the right side reduces to (4,1, g). Thus, o3 4,U.®L)=A4,.
It remains to show that w is faithful. Take C€C and suppose w(C*C)=0. Then
[C(f®E&)||2 = (C*C(f®&.), fRE.) = (w(C*O)f, f) = 0O,

so that C(f®&,)=0 for every f€ . Now let r, be the right regular representation of ¢ in
B(G) (r,n(y) =n(yx), n€R’(A)). Then r.l,=1,r,, so that each operator J®r, commutes with

C. Thus,
C(f®rz§e) = C(I®T,)f®§e = I®r10(f®§e) =0,

for every f€, x€Q. But {r,&,:x€G} is fundamental in I2(G); hence {f@r,&,:fEH, zEG}
is fundamental in H®@I%(G). Thus C =0, and that completes the proof.

We claim that > 4,U,.®I,=0 implies A,=0 for all z. Indeed, for every z,€G,
Z ala(Az) UI|I®lIoI = (U2l®ll'n) Z A:Uz®lz = 0‘
Applying w, we have oc,,(A,.—n) =0, hence A,:x =0. One can now define 7,:C,—~B by

77:0(2: A:U:® l:) = ZA::U:'

7, is clearly a *-homomorphism of C, on a dense *-subalgebra of B, and by definition of
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w and @, we have ®omy,=w on Cy The question now is whether 7, is bounded, and there-
fore extendable to C.

LeMMA 2.4. 7, is bounded if, and only if, ® is faithful.

Proof. Tf 7, is bounded, it extends by continuity to a *-representation = of C in B
such that ®om =w. 7(C) is closed, and it contains 7y(C,)~=B. Hence, #(C)=B. The argu-
ment used in § 1 now shows that @ is faithful.

Conversely, assume @ is faithful. Let T€C,, ||7'|| <1. We will prove that my(T*T) < I.
Tt follows that 7, is bounded for ||rme(T)||2= |7 T')*so(T)|| = || 7ol T*T) || <1.

Let H=T*T€C,. Then 0<H<I. Consider the abelian C*-algebra generated by I
and the positive operator wy(H). By spectral theory, we can regard this as the algebra
C(X) of all continuous functions on a compact Hausorff space X. Let f be the functional
representative of my(H). If my(H) < I fails, then there is a number r>1 such that the open
set U={y€X:f(y)>r} is nonvoid. Let g€C(X) be such that 0<g<1, g=1 somewhere
in U, and g=0 on XU (if U=X, we drop the last requirement on g). Then g{y) +0 im-
plies f(y)=r, so that gf*=r"g for n=1, 2, .... Let 4 be the operator corresponding to g.
Then A +0, 0<A<I, Any(H)=my(H)A, AE€B, and Amy(H")=Any(H)">r"A for all n>1.

Since @ is assumed faithful, ®(4)==0. Let g, be any state of B such that g,(®(4))+0,
and put g =p,0®. Then g is a state, go® =p, and p(4)+40. Using the Schwarz inequality
and QPomy=w, we have, for n>1:

o(Amo(H"))* <o(42)e(me(H")?) <p(I)o(me(H")?)
=0(my(H™)) =go D(mo(H™)) = pow(H™).
But o<1, o(H" <w(l)=I, and pow(H*™)<p(I)=1.
Hence, o(Amy(H™)<1.

At the same time, "4 < Am(H"), and so r"g(A) <p(dmy(H™)<1. Since n is arbitrary, the
last inequality implies that p(4)=0, a contradiction.

Before giving the main result, we have to construct one more mapping. If F is a
family of operators, [[F]] will denote the C*-algebra generated by F. Let f, be a unit vector
in N such that U,f,=f, for all x (e.g., the constant function 1 will do).

LemMA 2.5. There exists a *-isomorphism ¢ of [[U,®L,:2€G]] onto [[I,:2 €G] such
that (0(0)&, n)=(C(fy®8), fo®n) for every CE[[U,®1,:x€Q]] and every &, n €I(Q).
If A€Cy(@), then o3, Mx) U, ®1L,) =2 Ax)l,.

Proof. Applying the Schwarz lemma as in Lemma 2.3, there exists, for each C€
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[[U,®l,:2€Q]], an operator ¢(C)€ B(I3(F)). such that (6(C)&, n)=(C(f,®E&), fo®n) for all
&, 7. o is clearly a positive linear map, and o(I) =1 follows because |f,| =1.
For each €@, &, n€IXG), we have

(G(Uz®l:)§a 7?) = (Uz®l:(f0®§)’ fo@”i) = (szm fo) (l:§7 5) = (‘}'35’ E)

It follows that ¢(U,®I,)=I,, and by taking finite sums, that ¢(DCA(z) U,®1,)=2>, A(z)L,,
for every 1€ Cyy(@). From this formula, it is evident that ¢ is multiplicative and *-preserving
on the dense *-subalgebra of finite sums > Az)U,®l; by continuity, then, ¢ is a *-homo-
morphism. The range of ¢ is the closure of all finite sums o(> A(x) U, ®1,) =2 i(z)l,,
and hence ¢ is onto [[I,:2€G]].

It remains to show that ¢(C)=0 implies C=0. Let &, be the characteristic function
of e, qua an element of I?((¥). We have used before the fact that p(7T") =(T&,, £,) is a faithful
state of [[I.:z€G]). Now we claim w(C)=po0¢(C) I, for every CE€[[U,®1,;:x€G]]. Indeed,
o(U,®1,)=0 or I according as z e or z=e, and poa(U,®1,)=0(,) = (.5, &). The claim
follows because [,£, L&, whenever x +e. Now let CE[[U,®1,:2€G]] be such that ¢(C)=0.
Then w(C*C)=pog(C*C)=p(c(C)*s(C)) =0. As w is faithful, C =0 as required.

TrEOREM 2.6. O is faithful if, and only if, G s amenable.

Proof. First, suppose G is amenable. By Lemma 2.4, it suffices to show that z, is
bounded.

Let T=3,4,U,®,€C,. We will show that |2 4, U,||<||T| (thus, |jz,]| <1). Fix
£>0, and let F be a finite subset of G such that A,;=0 for all x¢ F. By Lemma 2.2 (iii),
there exists a unit vector £ €1%(@) such that | (£, £)—1| <¢,z€F.For f, g€, ||fl| =gl =1,

one has

(T(f®§),9®8)= g (4.U.f®l£,9®¢) =§ (4.U,f,9) (1€, 8).

So the distance between this complex number and > (4,U.f, 9)=( 4,.U.f, g) is not
greater than

z I(A::sz: g)l : I(les £-1 l <82 "AzUz"
Hence, |2 4.U.1,9)| <|(T(f@8),9®8)| + e 2| 4.V || <[ T + e 31| AU |-

Since ¢ is arbitrary, we have |(3, 4. U.f, 9)] <||T||, and the proof is completed by taking
the supremum over ||f|| =||g|| =1.

Conversely, suppose @ is faithful. We show that @ satisfies condition (ii) of Lemma
2.2. Let 2€Cyy(G) be such that > A(x)],>0. Now by Lemma 2.4, n, extends to a *-homo-
morphism 7z of C into B. Hence, noo-! is a *-homomorphism of [{/;:2€41]] into B; in par-
ticular, T =mo¢~1(3, A(x)l,) is a positive operator in B. We have,
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T=n(Z Mz)o (L) =n2 Mz)U,®L) =3 A=) U..

Letting f, be a unit vector such that U,fy=f, for all x, we have (U.f,, fo)=1 for all z,

and hence

Z}“(w) = ZA(%‘) (szo’ fo)= (Tfm fo)=0.
Thus, @ satisfies condition (ii), and the proof is finished.

Remarks. It seems curious that this property of ® is determined by the algebraic
structure of G and has nothing to do with the properties of the particular free action at
hand. Thus, if G is amenable, the @ based on any m-preserving free action of & is faithful;
if G is not amenable, the ® based on any such action of @ fails to be faithful.

As an application of Theorem 2.6, one has the following generalization of Lemma 1.6.

CoroLLARY. Suppose G is amenable. Let S be a sub semigroup of G such that SN S—1=
{e}, and let A(S) be the Banach algebra generated by M and the unitary semigroup {U,:x€S}.
Then © is multiplicative on 4(S), and A(S) N A4(S)*=M.

Proof. The proof is an imitation of the corresponding results of § 1. For example,
if z, y€S, then ®(U,U,)=®(U,)=0 or I according as zy=¢ or 2=y =e (since SNS1=
{e}). It follows easily that @ is multiplicative on 4(S). By Theorem 2.6, @ is faithful,
and one can now prove 4(S) N 4(S)*=M as in Lemma 1.6.
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